Complex Numbers

Circular functions — Powers, multiple angles, series

Prove that if Zcose:x+£, then 2005n6:x”+in.
X X

Hence or otherwise solve the equation  5x* — 11x% + 16x* — 11x +5=0.

2 L. 2
If u:cos7n+|sm7n , state the value of u’ and deduce the value of 1+ u+u?+u®+u*+u’+1°.

If azu+u?+u®, B=ud+u’+u°,

find a+p and ap,and hence write down the quadratic equation whose rootsare o and J.
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Deduce that : cos7n+cos7n+cos7n:—— and sm;n +sm7n+sm7n:—ﬁ .

Show that :

(i) sin76=7sin 6 —56sin%0 + 112 sin°0 — 64 sin’®
(i) 64 sin’0 = 35sin 6 — 21 sin 30 + 7 sin 56 — sin 70
(iii) 2°sin®0 cos®® = sin 76 — 3 sin 50 + sin 30 + 5 sin O

(iv) 64 (cos®d + sin0) = cos 80 + 28 cos 46 + 35 .

If cosa+cosp+cosy=0 and sina+sinp+siny=0, prove that
cos 3a. + cos 3B + cos 3y =3 cos (o + B +7)

and sin3a+sin 3B +sin3y=3sin(aa+ B +7)

by substituting p=cis o, q=cis B, r=cisy, and using the factorization of p°®+ g+ r®-3pqr.
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If 2cosx=u+—, 2cosy=v+— , provethat 2cos(mx+ny)=u"v"+

u v u™v"
Find an expression for tan 96 intermsof tan®.
. r
By means of the equation tan 96 =0, show that tangn ,where r=1,2,3,...,8,

are roots of the equation 9-84x2+126x*-36x°+x°=0,
and that tan? %t ,where r=1,2, 3,4 arethe roots of the equation
9-84y+126y*—36y +y*=0.
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Hence show that tanzg+tan2§+tan2—n+ tan2-" — 36

2 3 4
and tangtan?ntan—ntan—n:S .
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Let (kj be the coefficient of x* in the binomial expansion of (1 +x)".

By expanding (1 +1i)* or otherwise, prove that
n 2n nrw

i —1)* =2"Ccos—

(i) Z( )[ij ,
l 2n nm

i —1)¥ =2"sin— .

(ii) Z( )[2“1] ;

The point representing the complex number z in an Argand diagram describes the circle |z-1|=1.
Showthat z=1+cos6+isin®, where —-n<0<rm,
and deduce that the point representing the complex number 1/z describes a straight line.

Find the modulus and argument of z and hence, or otherwise, express (1 +cos 0 +isin 6)" inthe

form x+iy,where n isapositiveinteger,and x and y are real.
By writing cos 0 + i sin 0 = o, using the binomial expansion of (1 + )", prove that

1+ C{cos®+C;cos20+...+C, cosn@:(Zcosgj cosn—2e .

n

n
Show that Z( jsin 2r0=2"cos" 0 sin no .
r

r=1

Sum each of the following series :

(i) xsin@+x’sin20+x>sin30 + ... + X" sin (n-1)0,

n-1

(i) D (r+Dsinro

r=0

(iii) ) sin’0 sinro
r=1

Show that, if n isa positive integer,

(_l)n 22n Sin2n+1 e
=sin(2n +1)0 — C2"*sin(2n —1)0 +...+ (- 1) C*"*sin(2n +1-2r)0 +...+ (- 1)"C2""*sin@ .
If n isodd, provethat sinnf can be expressed in the form

SiNNO = bys + bes® + ... + bys",

where s=sin0,and by, bs,...,b, arereal numbers independentof 6.
Find b; and b,.

2 a2
Also prove that b,,, =%br and hence find bs.
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